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COBOUNDARY LIE BIALGEBRAS AND COMMUTATIVE SUBALGEBRAS 
OF UNIVERSAL ENVELOPING ALGEBRAS 

BENJAMIN ENRIQUEZ AND GILLES HALBOUT 


Abstract. We solve a functional version of the problem of twist quantization of a cobound¬ 
ary Lie bialgebra {g,r,Z). We derive from this the following results: (a) the formal Pois¬ 
son manifolds g* and G* are isomorphic; (b) we construct an injective algebra morphism 
S(g*)® ^ U{g*). When ( 0 ,r, Z) can be quantized, we construct a deformation of this mor¬ 
phism. In the particular case when g is quasitriangular and nondegenerate, we compare 
our construction with Semenov-Tian-Shansky’s construction of a commutative subalgebra of 
U{g*). We also show that the canonical derivation of the function ring of G* is Hamiltonian. 


0. Introduction 

Let { 2 ,r,Z) be a coboundary Lie bialgebra over a field K of characteristic 0. This means 
that g is a Lie bialgebra, the Lie cobracket <5 of which is the coboundary of r £ A^(g): 6{x) = 
[a; ® 1 + 1 ® a;, r] for any a; G g. This condition means that Z := CYB(r) belongs to A^(g)® 
(here CYB is the l.h.s. of the classical Yang-Baxter equation). Quasi-triangular and triangular 
Lie bialgebras are particular cases of this definition. 

It is an open question to construct a twist quantization of (g, r, Z), i.e., a pair (J, <I>), where 
J £ C/(g)®^[[?i]] and $ £ C/(g)®^[[fi]] are invertible {h is a formal series), $ is g-invariant, (J, $) 
satisfies a cocycle relation and deforms (r, Z). If {J, $) satisfies these conditions, then <I> satisfies 
the pentagon relation, is g-invariant and deforms Z: such a d> is called a quantization of Z. In 
[Dr3], Proposition 3.10, Drinfeld constructed a quantization d) of Z. Any pair (J, <&) can be 
made admissible (in the sense of [EH2]) and the associated formal functions (p, (p) then satisfy 
functional analogues of the pentagon and cocycle equations (this is explained in Section 5). We 
call this system of equations the functional analogue of twist quantization. 

We describe the set of solutions of the functional analogue of twist quantization for {g,r,Z). 
Namely, we derive from Drinfeld’s result that Z can be lifted to an element ip £ satisfying 
the functional pentagon relation (Proposition 1.1). We then prove that r can be lifted to an 
element p £ such that {p,p) satisfies the functional cocycle relation (Theorem 1.3); here 
trig* C Og» is the maximal ideal of the ring of formal functions on g*. We show that all solutions 
are related by suitable gauge transformations. 

The first corollary is that the formal Poisson manifolds g* and G* are isomorphic (Corollary 

2 . 1 ). 

In Section 3, we prove another corollary (Theorem 3.3): we construct an injection of algebras 
'S'(fl*)® ^ U{g*) (here g* acts on S'(g) by symmetric powers of the coadjoint action). This 
morphism is filtered, its associated graded is the canonical inclusion S'(g*)® C ^(g*). This 
way, we obtain a commutative subalgebra of U(g*). The fact that the graded subalgebra 
S'(g*)® C S'(g*) is Poisson commutative can be viewed as a classical limit of this situation. 
It can either be viewed as a corollary of the fact that Oq C Oq is a Poisson commutative 
subalgebra or it can be proved directly (Lemma 3.2); here Oq is the ring of formal functions 
on G, on which g acts by conjugation. 
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In Sections 6 and 7, assuming the existence of a twist quantization of g, we construct formal 
deformations of the algebra inclusions S'(g*)® U{q*) and Oq C Oq*- All these results use 

the theory of duality of QUE and QFSH algebras; this theory is recalled in Section 4. 

In Section 8 , we assume that g is quasitriangular. In that case, we show that C/(g*) contains 
a family Cs of commutative subalgebras, indexed by s S K; this result may be viewed as 
a classical limit of Drinfeld’s result about commutativity of twisted traces. We explain why 
only Co has an analogue in the general coboundary case. In [STSl], Semenov-Tian-Shansky 

defined an algebra morphism C/(g)® ^ U{g*); we show that its image coincides with Ci, and 
is therefore in general different from the image Co of the morphism in our construction. 

Finally, in Section 9, we show that the canonical derivation of Oq* is Hamiltonian. This 
derivation is equal to — id)|;j^ 0 ) where S is the antipode of any quantization of Oq*- 

Notation. We use the standard notation for the coproduct-insertion maps: we say that an 
ordered set is a pair of a finite set S and a bijection {!,... , [S'!} ^ S. For /i,..., /^ disjoint 
ordered subsets of {!,..., n}, {U, A) a Hopf algebra and a G [7®™, we define 

with A(i) = id, A(2) = A, A("+i) = (id®"-^ ® A) o A("), and ^ C/®" is 

the morphism corresponding to the map {!,... , |A|} ^ {Ij • ■ • ,n} taking (1,... , |Ji|) to 

Ii, (|/i| -I-1,... , |/i| -I- I/ 2 I) to I 2 , etc. When U is cocommutative, this definition depends only 
on the sets underlying /i,... ,Im- 

Acknowledgements. We would like to thank V. Dolgushev, P. Etingof and L.-C. Li for dis¬ 
cussions. 


1. Solutions of the functional twist equations 

If g is a Lie algebra, we denote by = S'(g) the formal series ring of functions on the 
formal neighborhood of 0 in g*. We define by irig* C Og- the maximal ideal of this ring. If k is 
an integer > 1, we denote by Cl(g*)fc = 5(g)®^ the ^ ring of formal functions functions on (g*)^, 
by Tn(g.)fe its maximal ideal and by Tn(g*)fc the ith power of this ideal. 

If /, 5 G , then the series f * g = f + g + g} --k H„(/, 5 ) H-is convergent, 

where X]i>i Bi{x,y) is the Baker-Campbell-Hausdorff series specialized to the Poisson bracket 
of The product * defines a group structure on 

If / G OfC and Pi,..., Pm are disjoint subsets of {1, ..., to}, one defines - as in the 
Introduction using the cocommutative coproduct of Og* (dual to the addition of g*). 

Let g be a Lie algebra and Z G A^(g)®. 


Proposition 1.1. There exists (p G (m®.^)®(c the image of which under the map 

m®.^ ^ ^ A^(g) equals Z (here Alt is the total antisymmetrization map) 

and satisfying the functional pentagon equation 


^1.2.34 ^ ^12.3.4 ^ ^2,3.4 ^ ^1.23,4 ^ ^1.2.3_ 


Such a p (we call it a lift of Z) is unique up to the action of an element of (m®.^)® by a ■ ip = 
-kp-k ( —k ( —cr)^’^. 


^(g) is the completed tensor product, defined by Vb[[:ri,... , Xn]]<S)Wo[[yi,... ,3/n]] := Vb ® ,J/n]], 

where Vq, Wq are vector spaces. 
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Proof. In [Dr3], Proposition 3.10, Drinfeld constructed a solution <!> G of the 

pentagon equation 

^1.2,34^12,3,4 ^ ^2,3,4^1,23,4^1.2,3 

such that = 1 and <I> = 1®^ + 0{h) (here = id( 8 )£ ( 8 > id; applying e to the first and 

third factors of (1), we also get £(^)(<I>) = £*^^^(<I)) = 1). 

In [EH2], we stated that d) can be transformed into an admissible solution d)' of the same 
equations, using an invariant twist. In Appendix A, we explain why the proof given in [EH2] 
is wrong and we give a correct proof. 

The classical limit of ?ilog($') then satisfies the functional pentagon equation. This gives 
the existence of tp. One can also construct p directly using cohomological methods, as it will 
be done for p later. 

Let us prove uniqueness: let p and p' be two lifts of Z. The classes of p and p' are the same 
in as this space is 0. Let N be an integer > 3; assume that we have found 

<tn G such that ajq ■ p and p' are equal modulo m®.^ fl Write p' = gn ■ p -\- if, 

with G (m®.^ Li We will use the following lemma (see [EGH], p. 2477): 

Lemma 1.2. For any k >1 and n>2, f,hG o,nd g G 141”^.^*,, one has 

f*{h + g) = f*h + g, {f + g)^h = f*h + g modulo tn”+)fe. 

Let if be the class of if in (m®.^ D m|^.p)®/(m®.^ n = (S'^°(g)®^)^. Then + 

^12,3,4 ^2,3,4 -,-1,23,4 ^1,2,3 , . , , -r ■ i . i i i 7^ 

if = if +if +if , which means that ly IS a cocycle m the subcomplex ((b^^(g)® jB, d) 
of the co-Hochschild^ complex (S'(g)®',d). Using [Dr3], Proposition 3.11, one can prove that 
the fcth cohomology group of this complex is A^(g)® and that the antisymmetrization map co¬ 
incides with the canonical map from the space of cocycles to the cohomology. For N = 3, the 
hypothesis implies that Alt{if ) = 0, so i/> is a coboundary of an element T 3 G (*S'^°(fl)®^) 3 . For 
N > 3, if is the a coboundary of an element tn G («S'^°(fl)®^)^, since the degree N part of the 
relevant cohomology group vanishes. We then set ctat+i = aN + TN, where tn S 

is a lift of Tn- Then aN+i ■ p and p' are equal modulo m®.^ n The sequence {aN)N >3 

has a limit cr. Then a ■ p = p'. □ 

We now construct a lift of r: 

Theorem 1.3. There exists p G m®.^, the image of which in g®^ under the square of the 
projection trig. ^ rrig. /trig. = g equals r, and such that 

pL2 ^^ 12.3 ^^ 2 . 3 ^ ^1.23 (2) 

Such a p (we call it a lift of r) is unique up to the action o/rrig* by X • p = -k -k p-k (—A)^^. 
lUe call equation (2) the functional cocycle equation. 


Proof. Let us construct p by induction: we will construct a convergent sequence pN & Tn®. 
{N > 2) satisfying (2) in m®.^/(Tn|? nm|^.p). When N = 3, we take for p 2 any lift of r to tn®?; 
then equation (2) is automatically satisfied. 

Let N be an integer > 3; assume that we have constructed pN in m®? satisfying equation (2) 
in m®?/(m®?nm^.)3)- Set un ■= p]f kp]^’^-p'^jf kp]f^kp. Then aN belongs to m®?nm^.)3, 

^We denote by 5(g) the symmetric algebra of g, by 5^^(g) is positive degree part; the index N means the 
part of total degree N. 
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and the following equalities hold in m®. /(m®. D 


12,3,4 1,2 , 12,3,4 1,2 , 12,3 , 123,4 

ijY —Pat * c^Af ~ Pn * Pn * Pn 
(using Lemma 1.2) 


1,2 , 3,4 , 12,34 , 12,3,4 

Pn * Pn * Pn 


, 1,2,3 , 2,3 , 1,23 . 1,2,3\ . 123,4 3,4 , 1,2 , 12,34 , 12,3,4 

— (c^Ai Pn * Pn * ‘P ) * Pn Pn * Pn * Pn * P 

1,2,3 , 2,3 , 1,23 , 123,4 , 1,2,3 3,4 , / 2,34 , 1,234 , 1,2,34 , 1,2,34n , 12,3,4 

— + PjY * PjY * PjY * If Pjq -k (Pjy * k if + ) * P 

(using Lemma 1.2, the invariance of ip and the definition of 

1,2,3 , 2,3 , / 1,23,4 , 23,4 , 1,234 , l,23,4^ , 1,2,3 

— P Pn *[o^n + Pn * Pn *P )*P 


— a 


1,2,34 


3,4 2,34 1,234 


ri.2,34 . 


ri2.3,4 


■^N Pn * Pn * Pii * ’ ’ k ip 

(using the dehnition of and Lemma 1.2) 

1,2,3 , 1,23,4 , / 3,4 , 2,34 , 2 3 4 , 2,3,4n , 1,234 , 1 23 4 . 1 2 3 

= aj^ ' + aj^ ’ + [Pj^ k Pj^ kp +aj^' )kpj^ kp ' kp ' 


1,2,34 


3,4 2,34 


1,234 


ri.2,34 , 


.12,3,4 


'^N Pn * Pn * Pn k p ' ' k p 

(using the dehnition of and Lemma 1.2) 


= a 


1,2,3 

N 


1,23,4 

Iai 


— a 


1,2,34 

N 


a 


2,3,4 

N 


(using Lemma 1.2, the invariance of p and the fact that p satishes the functional pentagon 
equation). 

Let us denote by uai the image of um in (m^.^nm|g.^3)/(m®.^nm|^if)3) = (S'^°(fl)®^)Ar, then 
we get 

—12,3,4 , —1,2,34 —1,2,3 , —1,23,4 , —2,3,4 

(k-N + — CXj^ + OfjY "b Af 

This means that a is a cocycle for the subcomplex (S'^°(g)®', d) of the co-Hochschild complex. 
Using [Dr3], Proposition 3.11, one proves that the kth cohomology group of this subcomplex is 
A^(g), and that antisymmetrization coincides with the canonical projection from the space of 
cocycles to the cohomology group. For N = 3, the equation CYB(r) = Z implies Alt(a3) = 0, 
hence oiz is the coboundary of an element f}^ S («5'^°(0)®^)3. For N > 3, cxn is the coboundary 
of an element G («5'^°(0 )®^)a, since the degree N part of the cohomology vanishes. We 
then set pn+i '■= Pn + Pn, where Pn G n is a representative of Pn- Then pai+i 

satisfies (2) in m®.^/(m®i^ nm|^Jj3). 

The sequence {pn)n>2 has a limit p, which then satishes (2). 

The second part of the theorem can be proved either by analyzing the choices for in the 
above proof, or following the proof of the previous proposition. □ 


Remark 1.4. If p is replaced hy p' = a k p, then a solution of (2) \s p' = pk {—a). 


2. Isomorphism of formal Poisson manifolds g* ~ G* 

Let us assume that g is a hnite dimensional coboundary Lie bialgebra, the following result 
was proved in [EEM] when g is quasitriangular; the result of [EEM] is itself a generalization of 
the formal version of the Ginzburg-Weinstein isomorphism ([GW, A, Bo]). 

Corollary 2.1. There exists an isomorphism of formal Poisson manifolds g* ~ G*. 

Proof. Let P : A^(Gg.) ^ Gg. be the Poisson bracket on Gg. corresponding to the Lie- 
Poisson^ Poisson structure on g*. Then (Gg*, mo, P, Aq) is a Poisson formal series Hopf (PFSH) 

^or Kostant-Kirillov-Souriau, or linear 
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algebra; it corresponds to the formal Poisson-Lie group (0*,+) equipped with its Lie-Poisson 
structure. 

Set '’A(/) = p * Ao(/) * (—p) for any / G . It follows from the fact that p satisfies the 
functional cocycle equation that (Og*, mo, P,'’Aq) is a PFSH algebra. 

Let us denote by PFSHA and LBA the categories of PSFH algebras and Lie bialgebras. 
We have a category equivalence c : PFSHA ^ LBA, taking (O, m, P, A) to the Lie bialgebra 
(c, p, (5), where c := m/m^ (m C O is the maximal ideal), the Lie cobracket of c is induced by 
A—A^’^ : m ^ A^(m), and the Lie bracket of c is induced by the Poisson bracket P : A^(m) ^ m. 
The inverse of the functor c takes (c,p, (5) to O = S{c) equipped with its usual product; A 
depends only on d and P depends on (p, 5). 

Then c restricts to a category equivalence Cfd : PFSHAfd —> LBAfd of subcategories of 
finite-dimensional objects (in the case of PFSH, we say that O is finite-dimensional iff m/m^ 
is). 

Let dual : LBAfd —^ LBAfd be the duality functor. It is a category antiequivalence; we have 
dual(g,p, (5) = (g*,(5‘,p*). Then dualocfd : PFSHAfd LBAfd is a category antiequivalence. 
Its inverse it the usual functor g i-^ [/(g)*. If G is the formal Poisson-Lie group with Lie 
bialgebra g, one sets Oq = U{q)*. 

Let us apply the functor c to (Gg., mg, P,'’Aq). We obtain c = m/m^ = g; the Lie bracket 
is unchanged w.r.t. the case p = 0, so it is the Lie bracket of g; the Lie cobracket is given by 
(j(a;) = [r, a; ® 1 -b 1 ® x] since the reduction of p modulo (mg.)^®mg. -b mg.(8)(mg.)^ is equal to 
r. 

Then applying dualocfd to (Gg., mo, P, '’Aq), we obtain the Lie bialgebra g*. So this PFSH 
algebra is isomorphic to the PFSH algebra of the formal Poisson-Lie group G*. In particular, 
the Poisson algebras Gg» and Gg* are isomorphic. It is easy to check that the map g = 
rtig* /itig. ^ me* /n^G* = fl induced by this isomorphism is the identity (here tug* C Gg* is the 
maximal ideal). □ 

Remark 2.2. When g is infinite dimensional, one can define Gg* as the image of g under 
LBA PFSHA and then show that the Poisson algebras Gg* and Gg* = (S'(g), linear 
Poisson structure) are isomorphic. 

3. The morphism S'(g*)® ^ P(0*) 

In this section, g is a finite dimensional coboundary Lie bialgebras. The following fact is 
well-known ([STS2]): 

Lemma 3.1. Oq C Gg is a Poisson commutative subalgebra. 

Here the action of g on Gg corresponds to adjoint action of G. We recall the proof: if 
/, p G Gg, then {/, g} = m((L — R)(r)(/ ^ g j), where L, R are the infinitesimal left and right 
actions and m is the product map. If p G Gg, then L(a)(p) = R(a)(p) for any a G g, therefore 
if /,p G G^, then (L - R)(r)(/ Op) = 0, hence {/,p} = 0. 

The inclusion Oq C Oq is a morphism of Poisson algebras with a decreasing filtration. By 
passing to the associated graded, we obtain: 

Lemma 3.2. 5'(g*)® C >S'(g*) is a Poisson commutative subalgebra. 

Another proof. If a,/? G g*, then [a,f3] = ad*(P(/3))(a) — ad*(P(a))(/3), where P : g* g is 
given by R{f) = (idO^)(r). 

Let /, p G ^(g*)® be of degrees k and £. Write / = «i ''' Ofc j 9 = Sp b\'" Then 
i k 

= ad*(P(6f))(/) - XI ' “fc ad*(P(a“))(p)- 

(3 j—1 oc i=l 



6 


BENJAMIN ENRIQUEZ AND GILLES HALBOUT 


When / and g are both invariant, this bracket vanishes. □ 

We now prove that 5'(g*)® C S'( 0 *) is also the associated graded of an inclusion of noncom- 
mutative algebras with an increasing filtration: 

Theorem 3.3. There exists a morphism of filtered algebras: 

9 : S{Q*y ^ U{q*), 

the associated graded morphism of which is the canonical inclusion S{g*)^ C S{q*). 

Proof. Let us denote by FSHA the category of formal series Hopf (FSH) algebras and by 
FilAlg the category of filtered algebras. There is a contravariant functor (restricted duality) 
FSHA ^ FilAlg, defined hy O ^ 0°, where 0° = {£ G 0*\3n > 0,^(m”) =0} cO*; here 
m C O is the maximal ideal of O. The algebra structure of 0° is defined by {£i ■ f? 2 )(/) = 
{£i 0 ^ 2 )(A(/)); its filtration is defined by ( 0 °)<„ = {£ G O* |^(m"+^) = 0 }. 

Note that we have a category equivalence FSHA — ^ LCA, where LCA is the category of 
Lie coalgebras, taking O to m/m^, equipped with the cobracket induced by A — A^’^. Then the 
composed functor LCA ^ FSHA —> FilAlg is c C^(c*) (recall that c* is a Lie algebra). 

(Cg*, Aq) = (S'(g),Ao) is a graded FSH algebra. Its restricted dual is the graded algebra 
S(g*). Recall that Og. is also a Poisson algebra. We define the set of Poisson traces on Og. as 
the subspace of all £ G 0°,, such that £{{u,v}) = 0 for any u,v G Cg*. Then {Poisson traces 
on Cg*} C 0°, identifies with S'( 0 *)® C S'( 0 *); this is a graded subalgebra of 0°,. This defines 
a graded algebra structure on {Poisson traces on Og*}. 

Consider the FSH algebra (Og.,^Ao). It is isomorphic (as a filtered vector space) to 
(Og»,Ao), and this isomorphism induces an algebra isomorphism between their associated 
graded FSH algebras. It follows that we have an isomorphism of filtered vector spaces be¬ 
tween the filtered algebra (Og.,^Ao)° and 5 '( 0 *), and the associated graded of this morphism 
is an algebra isomorphism gr((Og., ^Ao)°) ^ >5'(fl*). 

Recall that the vector spaces underlying (Og.,Ao)° and (Og.,'’Ao)° are the same (i.e., 
0°.). We claim that the canonical inclusion {Poisson traces on Og*} C (0g.,'’Ao)° is a 
morphism of filtered algebras. Indeed, let us denote by -p (resp., •) the product of (Og.,'’A q)” 
(resp., (Og.,Ao)°). Let £ 1,^2 be Poisson traces on Og*. Then for any x G Og», we have 
{£1 ■p£ 2 ){x) = (£1 0 £ 2 )(p* Ao(f) * (—p)). Now Leibniz’s rule implies that (£1 0 £ 2 )({u,v}) = 0 
for any u,v G therefore (£1 -p £ 2 ){x) = {£1 18 ) ^ 2 )(Ao(x)) = {£i ■ £ 2 ){x). So {Poisson traces 
on Og-} C (Og.,^Ao)° is an algebra morphism. Since the filtrations on the vector spaces 
underlying {Og >, Ao)° and (Og., '’Ao)° are the same, and since the filtration on {Poisson traces 
on Og*} is induced by that of (Og., Ao)°, this morphism is filtered, and its associated graded 
is the canonical inclusion S'( 0 *)® C S'(fl*). 

Now the FSH algebra isomorphism Oq* — (C^g^j'^Ag) (Corollary 2.1) induces a filtered 
algebra isomorphism (0g.,^Ao)° ^ Oq, = U{q*). The fact that the associated graded of 
this morphism is the canonical isomorphism S'( 0 *) ^ gr(f 7 ( 0 *)) follows from the fact that the 
completed graded of the FSH algebras Oq* and (Og*,'’Ao) are both (0g., Aq). 

We now compose the filtered algebra morphism {Poisson traces on Og*} C {Og*, '’Ao)° with 
the filtered algebra isomorphism (Og»,^Ao)° ^ Oq, and obtain a filtered algebra morphism 
S{ 3 *)^ U{q*), whose associated graded is the canonical inclusion S'( 0 *)® C S'( 0 *). 

The situation may be summarized as follows: 

{Og.,Aor = S{g*) 

>5'(fl*)® = {Poisson traces on Og*} (c)t 

{b)\ 

{Og.,PAor 0°a.=U{g*) 
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Here S{q*)^ and 5'(0*) are graded algebras, (0g.,^Ao)° and Oq, are filtered algebras; (o) is 
a morphism of graded algebras, (c) is an isomorphism of filtered vector spaces, (6) and (d) 
are morphisms of filtered algebras ((d) is an isomorphism). The associated graded of (c) is an 
isomorphism of graded algebras. □ 

Remark 3.4. The restricted dual of the isomorphism Og* Oq* appearing in the above 
proof is an isomorphism of filtered vector spaces a : S{g*) U{g*), whose associated graded 

is the canonical isomorphism S{g*) gr([/(g*)). These properties are also satisfied by the 

symmetrization map Sym, however cr depends on p, so in general Sym and a are different. 

Remark 3.5. One can check that the morphism 9 is independent on the choice of (p, tp) (these 
choices are described in Remark 1.4 and in Theorem 1.3). 

4. Duality of QUE and QFSH algebras 

In this section, we recall some facts from [Drl] (proofs can be found in [Gav]). Let us denote 
by QUE the category of quantized universal enveloping (QUE) algebras and by QFSH the 
category of quantized formal series Hopf (QFSH) algebras. We denote by QUEf^j and QFSHf^j 
the subcategories corresponding to finite dimensional Lie bialgebras. 

We have contravariant functors QUEf^ —> QFSHf^j, U ^ U* and QFSHf^ ^ QUEf^, 
0^0°. These functors are inverse to each other. U* is the full topological dual of U, i.e., the 
space of all continuous (for the /i-adic topology) ]K[[/i]]-linear maps U lK[[fi]]- 0° the space of 
continuous K[[fi]]-linear forms O lK[[^]]j where O is equipped with the m-adic topology (here 
m C O is the maximal ideal). 

We also have covariant functors QUE -> QFSH, U ^U' and QFSH QUE, 0^0'^. 
There functors are also inverse to each other. U' is a subalgebra of [/, while O'^ is the /i-adic 
completion of X]fc>o C 0 [l/ti\. 

We also have canonical isomorphisms (U')° cs {U*Y and ~ (0°)'. 

If a is a finite dimensional Lie bialgebra and U = Uh{d) is a QUE algebra quantizing a, then 
U* = Oam is a QFSH algebra quantizing the Poisson-Lie group A (with Lie bialgebra a), and 
U' = OA*,h is a QFSH algebra quantizing the Poisson-Lie group A* (with Lie bialgebra a*). If 
now O = OA,h is a QFSH algebra quantizing A, then 0° = Un{a) is a QUE algebra quantizing 
a and O'^ = Unia*) is a QFSH algebra quantizing a*. 

We now compute these functors explicitly in the case of cocommutative QUE and commuta¬ 
tive QFSH algebras. If [/ = C/(a)[[fi]] with cocommutative coproduct (where a is a Lie algebra), 
then U' is a completion of U{ha[[h]]); this is a flat deformation of S{a) equipped with its linear 
Lie-Poisson structure. If G is a formal group with function ring Oq, then O := is a 

QFSH algebra, and O'^ is a commutative QUE algebra; it is a quantization of (S'(g*), commu¬ 
tative product, cocommutative coproduct, co-Poisson structure induced by the Lie bracket of 

s)- 


5. Relation between twist quantization and its functional version 

Let us define a twist quantization of the coboundary Lie bialgebra (g, r, Z) as a pair (J, $), 
J S C/(g)®^[[fi]], $ G C/(g)®^[[/i]], such that $ is invariant, and ( J, d") satisfies the twisted 
cocycle relation 

Jl.2 Jl2.3 ^ j2,3 jl,23^^ (- 3 ^ 

(e (g) id)(J) = (id(g)e)(J) = 1, J = + o{h), $ = 1®3 -p 0(ft), Alt((J - l'»^)/h) = r + 0{h), 

Alt((<I> — 1®3 )//i2 ^ = Z + 0{h). These conditions imply that 4) satisfies the pentagon relation, 
as well as £i*i(<I>) = 1®^, i = 1,2,3. (We know that such a twist quantization always exists 
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when g is triangular or quasi-triangular.) Our purpose is to relate twist quantization with its 
functional version. 

The first step is to show that {J, $) can be transformed into an admissible pair, in a sense 
which we now precise. 

Definition 5.1. An element x in a QUE algebra U is admissible if x € 1 + HU, and if h\ogx 
is in U' C U. 

We will use the isomorphism ~ {7(g®^)[[?i]] to view {7(g)®^[[?i]] as a QUE algebra. 

Proposition 5.2. Any twist quantization (J, <&) of a coboundary Lie bialgebra (g, r, Z) is gauge 
equivalent to an admissible twist quantization (i.e., such that J' and d*' are admissible). 

Proof. Let us set U = C/(0)[[fi]]. According to Proposition A.l, one can find an invariant 
F e C/®2, such that F e + nU§’‘^ and := = F2-3FL23$(iji.2^i2,3)-i jg admissible. 

In particular, G 

Then if we set Jq := JF, we have = Jg’^and Jg G 1®^ + hUf^. For any 

u G 1®3 + HUq, “Jo := is such that (“Jo, d’') is a twist quantization of (g, r, Z). 

It remains to find u such that J' := “ Jq is admissible. 

We will construct u as a product ■ • ■M2M1, where G 1 + K^Uq, in such a way that if 
J„ := “1 Jg, then filog(J„) G U'®" + fi^+^C/g®^. 

We have already filog(Jo) G 

Expand Jo = 1®^ + hji H-, then Alt(ji) = r. Moreover, the coefficient of h in Jg’^ Jg^’^ = 

Jg’^Jg’^^d) yields d(ji) = 0, where d : U(g)®^ ^ U{g)f^ is the co-Hochschild differential. It 
follows that for some Oi G U(g)g, we have ji = r + d{ai). Then if we set Ui := exp(fi.ai) and 
Ji = “1 Jo, we get Ji G 1®2 + hr + Then ?ilog(Ji) G h'^r + C C/^®^ + h^uf^. 

Assume that for n > 2, we have constructed ui,... ,m„_i such that q;„_i := fi.log(J„_i) G 

U'm ^ 

Let us denote by a the image of the class of Un-i in U(g)®^/(C/(g)o ^)<n+i under the 
isomorphism of this space with (C/g®^ + fi“+^{7,f^)/([/o®^ + (see Lemma A.2). Let 

a G U(g)®^ be a representative of d, then q;„_i = a' + hP'^^a, where a' G I/g®^ + . 

Let us set tp' := Iilog(<I>'), then the twist equation gives 

{-a' - (_Q,/ _ f^n+l^Y^2, f^n+l^y,2 ^n+lQ,^12.3 ^ ^ 

where -kn is defined as in Appendix A. According to Lemma A.3, the image of this equality 
in (C/®3 + fi"+iC/'®3)/(C/®3 + ;i"+2[/'®3) ~ C/(g)®3/([/(g)®3)<„+i is d{a), where d is the co- 
Hochschild differential on {/(g)® /(U(g)o )<n+i- Since n > 2, the relevant cohomology group 
vanishes, so d = d{(3), where (3 G C/(g)o/(U(g)o)<n+i- Let fd G U(g)o be a representative of (3 
and set u„ := exp(Ii”/3), J„ := “” J„_i, a„ := filog(J„). Then 

an = (r+i/3)i (r+i/3)2 kf, an-i 

According to Lemma A.3, the image of q;„ in 

([/i2 ^ r+iC/'®2)/(C/g®" + r+2c/'®2) ~ [/(g)®V(C/(0)r)<n+i 

is d — d{f3) = 0. So a„ belongs to C/®^ -I- , as required. This proves the induction step. 

□ 

If now (J', $') is an admissible twist quantization, then p := h\og{J')\fi^Q and p := Iilog(<I>')|/j=g 
are formal functions on m®.^ and m®.^, solutions of the functional twist equation. 
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6 . Quantization of Oq c Oq 

Using a (non necessarily admissible) twist quantization, we construct a formal noncommu- 
tative deformation of the inclusion of algebras of Lemma 3.1: 

Proposition 6.1. We have an injective algebra morphism Oq))?!]] ^ Ocfi deforming Oq C 
Og, where Ocfi is a quantization of the PFSH algebra Oq and is the trivial deformation 

of the commutative algebra Oq (it is also commutative). 

Proof. Let us first construct the QFSH algebra Oa.h- For x G [/(g)))?!]], set '^Ao(a;) = 
JAo{x)J~^, where Aq is the usual cocommutative coproduct. Then Unis) = ([/(g)[[?i]], toq, "^Ao) 
is a quantization of the Lie bialgebra g (here toq is the product on 17(g)). The dual Oa.h ■= 
Uhis)* of this QUE algebra is a QFSH algebra quantizing the PFSH algebra Oq. The product 
in this QFSH algebra is defined by (/ * g)ix) = (/ <8) g){JAo{x)J~^) for f,g € Unig)* and 
X G Uhig). 

On the other hand, the FSH algebra Og is equal to 17(g)*, and its product is defined by 
{f9)ix) = if g){Ao{x)) for f,g € 17(g)* and x G 17(g). 

We say that / G 17(g)* is a trace iff f{xy) = f{yx) for any x,y € 17(g). Then the inclusion 
{traces on 17(g)} C 17(g)* identifies with Oq C Og. In the same way, we define (traces on 
17(g)[[li]]}; this is a subalgebra of 17(g)[[li]]* ~ (7 g[[1i]], which identifies with ©^[[li]]. 

The canonical map (traces on 17(g)[[/i]]} ^ 17ft(g)* is an algebra morphism. Indeed, if 
/i,/2 are traces on 17(g)[[li]], then fi (g) /2 is a trace on 17(g)®^[[li]], so (/i * f 2 ){x) = (/i ig) 
/2)(JAo(a;)J"Q = (/i g)/2)(Ao(a;)) = {fif 2 ){x) for any x G 17(g)[[li]], so fi*f 2 = /i/2- So we 
have obtained an algebra morphism (!1 q[[1i]] ^ Unig)* = Og.k- It is clearly a deformation of 
the canonical inclusion Oq C Og- □ 

7. Quantization of S'(g*)® ^ 17(g*) 

Assume now that {J, $) is an admissible twist quantization. We will construct a formal 
deformation of the inclusion of algebras of Theorem 3.3. 

Theorem 7.1. There is an injective algebra morphism: 

e,,:S{g*n[h]]^U,,{g*), 

where Unig*) is a quantization of g* . Its reduction modulo h coincides with the morphism 
5'(0*)® ^ 17(g) from Theorem 3.3. 

Proof. Recall that 17(g)[[li]]' is a cocommutative QFSH algebra; we denote by toq, Aq its 
product and coproduct. 

Since (e (g id)(J) = (id(ge)(J) = I, we have lilog(J) G where mo C l/(g)[[;i]]' is 

the kernel of the counit. According to [EHl], Proposition 3.1, this implies that the inner 
automorphism z JzJ~^ of 17(g)®^[[li]] restricts to an automorphism of 17(g)®^[[li]]'. 

We then equip 17(g) [[li]]' with the coproduct A : x JAo(a;) J“^. Then (17(g)[[li]]', mo, "^Ao) 
is a QFSH algebra. Its classical limit is the PFSH algebra (Og* ,mo,P, ^ Aq). We have seen that 
this PSFH algebra is isomorphic to Og*, hence (17(g)[[li]]',mo, "^Ao) is a quantization of Og*. 

It now follows from Section 4 that (17(g)[[li]]', mo, "^Ao)” is a quantization of 17(g*), which 
we denote by Uh{g*). 

Let us say that (p G (17(g)[[li]]')° is a trace if (p{xy) = (p{yx) for any x,y G 17(g)[[li]]'. Then 
{traces on 17(g)[[li]]'} C (17(g)[[li]]')° is a subalgebra. Indeed, if ^1,^2 are traces then g £2 
is also a trace, so for x,y G 17(g)[[li]]', we have {Iil2){xy) = \ ® £2){A{x)A{y)) = {ii£2){yx). 

This inclusion identifies with the inclusion (Oq))?!]]'^)® C Indeed, the Drinfeld functors 

have the property that (17')° = {U*Y for any QUE algebra U. 
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Now we show that the map {traces on C '^Ao)° is also an algebra 

morphism. Indeed, let -j be the product of the latter algebra. If £1,^2 are traces and x,y G 
[/(0)[[^]], then {£i-j£ 2 )ix) = (fi (8)4)(JAo(x) = (£1 (g)4)(Ao(a;)) = (£i£2)(a;), so = 

£i£ 2 - So we have constructed an algebra morphism ^ Uhis)- It is clearly a 

deformation of the morphism constructed in Theorem 3.3. 

Recall that is the fi-adic completion of C OG{{h))^ Then is a 

topologically free K[[fi]]-commutative algebra; its specialization at = 0 is — 

S{q*). 

The action of g on Oq induces an action of g on 0 g[[^]]^- Then is the h- 

adic completion of X]fe>o We have an inclusion of topologically free ]K[[/i]]-algebras 

{OamvrcoGmv: 

Now the dual of the symmetrization map induces an algebra isomorphism S'(g*) = Og ~ Og 
(dual to the exponential map g G). This isomorphism induces a g-equivariant isomorphism 
of with the ?i-adic completion of have an algebra 

isomorphism C>g[[^]]'^ — 'S'(g*)[[Ii]]- It restricts to an isomorphism — >S'(g*)®[[Ii]]- 

Composing its inverse with the morphism ^ Uh{Q*), we get the announced 

morphism S'(g*)®[[?i]] ^ Un{g*)- □ 


8. The quasitriangular case 

A quasitriangular Lie bialgebra (QTLBA) is a pair (g,r'), where g is a Lie algebra and 
r' € g®^ is such that CYB(r') = 0 and t := r' + r'^’^ € S'^(g)®. Any QTLBA gives rise to a 
coboundary Lie bialgebra (g,r, Z), where r = {r' — and Z = We call a 

QTLBA nondegenerate if g is finite dimensional and t is nondegenerate. 

Let I? : g* ^ g* be the composition of the Lie cobracket (5 : g* ^ A^(g*) with the Lie bracket 
of g*. It is a derivation and a coderivation, and it induces a derivation of C/(g*), which we also 
denote by D (or sometimes D^*). 

Proposition 8.1. For any scalar s, Cs := Ker((5 — s(il (8) id) o Aq) is a commutative subalgebra 
ofUis*). 

Proof. The condition £ & Cs means that for any m, v G Og* , we have £{{u, i;} — sD*{u)v) = 0 
(here D* is the derivation of Og* dual to the coderivation D). 

Let £i,£2 belong to Cg- Then for any m, v G Og*, 

{£i£2){{u,v} - sD*{u)v) = {£i 0 4)({A(m), A(n)} - sA{D*{u))A{v)) 

= {£1 

— (8) (8 s£>*(u^^^)v^^^) = 0, 

hence t'it'2 G Cg. Here A is the coproduct of Og*- 

Moreover, we constructed in [EGH] an element g G m®?, such that A'(u) = g* A(u) * (—g) 
for any u G Og*', if (t/?i(g),7^) is any quantization of (g, r'), then ?ilog(7^) G mf^, where 
m;i C UhigY is the augmentation ideal, and the reduction of ?ilog(7^) mod h equals g. Then it 
follows from (5^ 8 S'^){TZ) = TZ that {Sq 8 SQ){h\ogTi) = hlogTZ, where S is the antipode of 
?7?i(g) and So = S\Un(s)' is the antipode of Uhig)' C Unio)', since the specialization for = 0 of 
h~^{SQ — id) is D*, we get {D* 8 id + id8ll*)(p) = 0. 


may be also be viewed as the formal Rees algebra associated to the decreasing filtration Oq D 

mo D . 
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Then if £1,^2 S Cg, then (t'2^i)(u) = (^1 <S> £ 2 )(^'(u)) = (£1 (g) £2)(g * A('u) * (-£>)) = 
(£1 <8 > 4)(A(m)) + J^ri>i(l/n!)(£i 0 £ 2 )({ 0 , {e,---, {g, A(m)}}). Now if / S C>|?, then {£i 0 
£ 2 ){{q, /}) = s{£i 0 £ 2 ){{D* gi id + id 0 D*){g)f ) = 0. It follows that £ 2 £i = £\£ 2 - D 

Remark 8.2. If ^ is a quasitriangular Hopf algebra with antipode S', set Cs,a '■= {£ G 
A*\\/a,h e A,£{ab) = £(6S“^®(a))} for any s G Z. Then it follows from [Dr2] that Cs,a is 
a commutative algebra, and that we have isomorphisms Cg — Cg+2 for any s G Z. The iso¬ 
morphism takes £ € Cs to £ € Cs +2 defined by £{x) = £{xu~^S{u)), where u = mo (id 0 S){R) 
(m, R are the product and i?-matrix of A). The definition of Cs,a can be generalized to s G K 
when A = (Ufi(g),R) is a quasitriangular QUE Hopf algebra. Define Unid*) as (f7?i(g)')° = 
{Unis)*)'' A Unis)*. Then Cg,n := {£ S (C/?,(fl)')°|Va,5 G Un{gy,£iab) = £(6(S2)-«(a))} is a 
commutative subalgebra of Ufi{g*), and its reduction modulo h is contained in Cg. In this case, 
u~^S{u) does not necessarily belong to Unig)', therefore Cg^ and C'g+2,fi are not necessarily 
isomorphic. 

Remark 8.3. If (g, r, Z) is a coboundary Lie bialgebra, then r is D-invariant iff (/i 0 id)(2') 
is symmetric (where g, is the Lie bracket of g). Otherwise, if we set g := * {~p)j then 

{D* 0 id-|-id(g)D*)(£i) 0, so unless s = 0, one cannot prove that Cg is commutative. 

For each nondegenerate QTLBA (g, r'), Semenov-Tian-Shansky defined an algebra morphism 
0 : Z{U{g)) U(g*), where Z{A) denotes the center of an algebra A ([STSI]). Let us recall 

the construction of 0. There are unique Lie algebra morphisms L,R : g* —>^g, defined by 
L{£) = [£ 0 id)(r'), R{£) = —(id(g)£)(r') for any £ G g*. We denote by a : C/(g*) ^ f7(g) the 

composed map U{g*) ^ f7(g*)®^ ^ [/(g). Here mo,Ao are the standard 

product and coproduct maps, we still denote by L, R the algebra morphisms induced by L, R, 
and S'o denotes the antipode of [/(g). The associated graded of the map a is the isomorphism 
S'(g*) ^ S{g) induced by t, hence a is an isomorphism. Then 0 : Z{U{g)) U{g*) is defined 

as the restriction of oi~^ to Z{U{g)); one can prove that it is an algebra morphism. 

We will show, together with Proposition 8.8: 

Proposition 8.4. Im(0) = Ci C [/(g*). The associated graded of Ci (for the degree filtration 
ofUig*)) ts S{g*)^. 

Remark 8.5. Let 9 be as in Theorem 3.3. The image of 6 : S'(g*)® ^ U{g*) is {Poisson traces 
on Oc*}, i.e., this is Ker((I), where 6 : U{g*) A^[/(g*) is the co-Poisson map of U{g*). So 

the images of 0 and 9 do not coincide. □ 

Let us now construct a deformation Qfi of 0. The following lemma is proved in [Dr2]. 

Lemma 8.6. Let {A, A, R) be a quasitriangular Hopf algebra with antipode S. Define a linear 
map a A A* ^ A by aAi£) = {£ 0 id){R^^R). Then a a induces an algebra morphism Ci a ^ 
Z(A). 

Lemma 8.7. Assume moreover that A is finite dimensional and R^dji jg nondegenerate. Then 
the map Ci Z{A) is a linear isomorphism. Its inverse induces an algebra morphism Qa ■ 
Z(A) A*. 

Proof. We have to check that if [ G A* is such that aA{£) G Z{A), then [ is a trace. The 
condition q;a(£) G Z{A) means that for any a € A, we have {£ 0 id)([i?^d^^ 1 g) a]) = 0. It 
follows that for any a G A, we have S'“^(a(^^)(£ 0 id)([i?^’^i?, a^^)5'“^(aT)) g a^^^]) = 0. Since 
R^dpi commutes with the image of A^, ([gid)((a^^) 0 S~^ S'“^(aT))gl]) = 0. 
Therefore {£ 0 id)((a(^) g l)i?^’^i?(S'“^(aT)) g id)) = s{a){£ 0 id){R'^dpiy 
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Since R^'^R is nondegenerate, this means that for any b £ A, we have £{a^‘^'>bS = 

e{a)£{b). Replacing a(8)& by ^S{a^‘^'>)b, we get £{bS~^{a)) = £{S{a)b), so that £ £ Ci. □ 

The QUE algebra version of these lemmas is 1), 2) of the following proposition. Let (g, r') 
be a QTLBA and let {UniQ), A, TZ) be a quantization of (g, r'). 

Proposition 8.8. 1) The linear map Un{s)* Uhis), £ {£ ^ id){TZTZ'^’^) extends to a map 

an : Unis*) ^ Unig). 

2) If {g,r') is nondegenerate, then an is a linear isomorphism, and it restricts to an algebra 
isomorphism Ci^n ZfUnis))- 

3) Proposition 8.4 is true. 

Proof. Let us prove 1). Define Ln,Rn ■ Un{g)* Un{g) by LniO = (C ® id)(7^), RniO = 
(id®^X7^). According to [EHl], ?^log(7^) C (C/?i(g)o)®^ C C/fi(g)o§fiC/?i(g)o, so that log(7^) S 
Cffi(g)o®C^?i(g)o- According to [EGH], appendix, the image of log(7?.) in (mG*/tTiQ.)®^(g)o (by 
reduction mod H followed by projection) is r'. It follows that IZ £ UniQ)'®Un{Q), therefore 
Ln extends to a map Un{Q*) Uh{g)', this map is necessarily a QUE algebra morphism. The 
quasitriangularity identities imply that the image of TZ in Oq* ‘^U{g) has the form exp(p), where 
p £ me* 0 g is a lift of r. It follows that the reduction mod h of Ln is the morphism induced 
by g* ^ g, £ 1-^ (£ (g) id)(r). In the same way, R'j^ extends to a (anti)morphism Un{5*) Un{g). 

Define an : Un{&*) Un{&), hy x mo[Ln^R'n}o4^- Then an extends £ ^ {£®\d){TZTZ’^A). 

Let us prove 2). The reduction mod h of an is a, which is a linear isomorphism; hence an is 
a linear isomorphism. The second part is proved as Lemma 8.6. 

Let us prove Proposition 8.4. Assume that Unis) is as in [EK], hence Unis) — U(g)[[?i]] 
as algebras. Then Z{Un{9)) — ^i.U{g))[[h]]. 2) implies that a induces an isomorphism 

(mod h){Ci^n) Z(U(g)); here (mod H) is the reduction modulo h. On the other hand, 
(mod h){Ci_n) C Ci, therefore 0(Z([/(g))) C Ci. 

The map 5 — (D (g id) o Aq : U{g*) C/(g*)®^ is filtered, and its associated graded is the 

dual 6 : 5'(g*) ^ A^(5'(g*)) of the Poisson bracket of 5'(g). We have a surjective morphism 
S'(g )0 = -S'(g)/{g, S'(g)} -» S'(g)/{S'(g), ^(g)} to the cokernel of this Poisson bracket, hence 
Ker((i) («5'(g)g)* = 5'(g*)®. We have gr)!^!) C Ker((5), hence gr(Ci) C S'(g*)®. Now since 0 is 
filtered and its associated graded takes gr(Z([/(g))) ~ ^(g)® to S'(g*)®, we get gr(C'i) = 5'(g*)® 
and 0 (g(C/(g))) =C'i. □ 

We denote by &n ■ Z{Un{g)) Un{g*) the algebra morphism inverse to an. Qn is the QUE 
algebra version of 0^ defined above. 

The image of 0;i is Ci^n- When the quantization is an in [EK], Un{g) — C/(g)[[fi]], so this 
image is not the same as that of On, which is {traces on Unis)'} = Co^n- Therefore in this case, 
the images of On and 0/i do not coincide. 

9. On the canonical derivation of Oq* 

Let (a, Pa, Sa) be a finite dimensional Lie bialgebra. Then Oa is a Poisson-Lie group, dual to 
U{a). Set Da := Pa ° <^07 then Dg is a derivation of U{a), such that if Un{a) is any quantization 
of U{a) with antipode S, then Da = h~^{S‘^ — id)|;j=o (see [Dr2]). It follows that the dual 
derivation D* of Oa has the same property. 

When a = (g, r') is a quasitriangular Lie bialgebra. Da is inner, given by Da{x) = —[p(r'), x] 
for any x £ C/(g); here p is the Lie bracket of g (see [Dr2]). 

Proposition 9.1. If q is a nondegenerate guasitriangular Lie bialgebra, then the derivation 
D*, of Og* is inner, i.e., there exists a function h £ Oa* such that D*,(f) = {h, f} for any 
f&Oa^. 
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Proof. We assume that g is the double a+ © a_ of a Lie bialgebra a+ (here a_ = a!^); the 
general case is similar. Then g* is (as a Lie algebra) the direct sum a+©a^. Let A± be the formal 
groups corresponding to a±. The morphism a : U{q*) ^ U{q) is now U{a+) © U{a^) U{q), 

x+ (Six- 1 -^ X-S{x+). The dual morphism a* : Oq Oq* takes F G Og to / G Oq* given by 
f{9+,9-) ■= F{g-gf^). 


Lemma 9.2. Let D*, L>*. be the eanonical derivations of Oq and Oq* ■ Then a* o D* = 
D*. o a*. Moreover, D* = L^(r') “ where fj, is the Lie bracket of g and L,af{g) = 

(d/dc)|e=o-F(e^“5); 'R-afig) = (d/de)|£=o^(ffe^“)- 


Proof of Lemma. D^, is a coderivation, so Aq : 17(g*) ^ 17(g*)®^ intertwines Dg. and 
£)g. © id + id©£)g*; L and R are Lie bialgebra morphisms, so they intertwine Dg. and S 
commutes with ; and Dg is a derivation, so mo intertwines Dg © id + id ©i7g with Dg. Hence 
a o Dg. = Dg o a. The first part follows. 

According to [Dr2], Dg{x) = —[^(r'),a;], which implies the second part. □ 

In [STS2], the image of the Poisson bracket on G* under the formal isomorphism a : G* ^ G 
dual to a* was computed. Let f,h € Oq* and F = (a*)“^(/). Ft = {a*)~^{h), then 


{a*)-H{f,h}){g) 


{{dR 

{{di. 


dL)F{g) © dLH{g),r') + {{dn, - dL)F{g) © d^Hig), {r' f''^) 

( 4 ) 


dR)F{g),L{dRH{g)) - R{dLH{g))) 


where g & G, di,F{g),dRF{g) G g* are the left and right differentials defined by {di,F{g),a) = 
(LaF){g), (dnF{g),a) = {RaF){g) for any a G g. 


Lemma 9.3. There exists a function H{g) G Og such that L{d-iiF[{g)) — R{di,H{g)) = g.{r'). 


Proof of lemma. We prove this when g is the double a+ © a_ of a Lie bialgebra a+. Then 
set a = (a+,a_) where a± G a±. We have g* = a+ © a_, and we should solve: d^Haig) = 

fj, {r')- +u+{g), d-Lptaig) = /i(r')_|_+M_(g), where u±{g) are functions G a±. Now di,H{g) = 
M{g){dTiH{g)), hence g{r')++U-{g) = Ad{g){g,{r')_ +u+{g)). Let us decompose g = g-gf^, 
where 5± G A± = exp(a±), we get Ad(6f“^)(M+(5)) - Ad{gZ'^){u-{g)) = Ad{gZ'^){g.{r')+) - 
Ad{gf^){g.{r')-). Therefore 

u+ig) = Ad{g+){Ad{gZ'^){g.{r')+) - Ad{gf^){g.{r')-)) 

and the condition is 

dRH{g) = Ad{g+){Ad{gf^){fi{r')_)) _ + Ad{g+){Ad{gZ'^){fi{r')+)) 

i.e., 

RaHaig) = (/x(r')-, Ad(g+)((Ad(5+^)(a))+)) + (/r(r')+, Ad(5_)((Ad(g+^)(a))_)) (5) 

for any a G g. Let us denote by Aa{g) the r.h.s. of (5). 

Let us compute — R^gAa, for a,/3 G g. Recall that g = g-gf^, then we have Ra(5) = 

ga, so Ra((/^^) = ±(Ad((/^^)(Q;))±5^^. After computations, we hnd: 

’R’OiAjs 'R.gAo, © Ra,gi 


where 


i3„,^(5) = -([(Ad*(g;i)(/3))+,(Ad*(5;i)(a))+],(Ad(ff;i)(M(r')-))-) 
+ ([(Ad*(g;i)(/3))_,(Ad*(5;i)(a))_],(Ad(gZi)(Mr')+))+). 
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Now for M, V G a+, we have 

(Ki;],(Ad(5;^)(M(r')-))-) = ([«, ii], Ad(g;i)(Mr-')-)) 

= ([Ad*(5+)(u),Ad*(g+)(i;)],M(/)-) = ([Ad*(g+)(«), Ad*(5+)(ii)],/i(r-')) 

= (Ad*(g+)(M) ® Ad*{g+){v),S{n{r'))) = 0, 

since 6 {g,{r')) = 0 (see [Dr2]). In the same way, the second term of Ba, 0 {g) vanishes. Hence 
the system (5) has a solution (it is unique if we impose that H vanishes at the origin). □ 

End of proof of Proposition 9.1. Now if h = —a*{H) with H as in Lemma 9.3 and for any 
/ G Og* , we have 

D,,(f) = a*iD;{F)) = a*((L^(,q - R^(u))(F)) 

= a*(((dL - dn){F){g),R{di.H{g)) - LiduHig)))) = {h, /}. 

□ 


Appendix A. Proof that associators can be made admissible 


In [EH2], Proposition 3.2, 2) should read “Assume that x € U' and for any trees R, etc.”. 
This affects Proposition 4.5 in [EH2], because the proof implicitly relies on the statement of 
Proposition 3.2 of [EH2] without the assumption x € U'. Below we prove a particular case of 
Proposition 4.5 of [EH2] (the general case is similar). 

Proposition A.l. Let q be a Lie algebra and let $ G C/( 0 )®^[[/i]] be an invariant solution of the 
pentagon equation, sueh that £*^*^(4)) = I®^ for i = I, 2, 3, <I> = I®^ + 0(fi) and Alt(4)) = 0{hif). 
Then there exists an invariant twist F G [/(g)®^[[/i]], such that £^*^(F) = I, i = 1,2, F = 
1®2 _|_ admissiUc, i.e., filog(^4>) G (C/(g)[[/i]]')®^. 

Proof. We will construct F as a product • • • FjFi, where F„ belongs to I®^ + FC/®^ and is 
such that if 4>„ := /ilog(4>„) G (I/q)®^ + Here U = C/(g)[[fi]] and the 

index 0 denotes the augmentation ideals. 

We first construct Fi. Expand 4> = I®^ + hcfi H-, then d{(j)i) = 0 and Alt((/)i) = 0, hence 

(fi = d{'ifi), where ^pl G (L'lf’^)® (here d is the co-Hochschild differential of (C/®')®). We then 
set Fi = 1®2 + hfji; we get 4-i = 1®^ + + • • •. Then ;ilog(4>i) G 

Now d( 02 ) = so there exists i /’2 S (C^if*^)® such that (j )2 = Z + d{'ip 2 ), where Z G A^(g)[[?i]]. 
Set F 2 := I®2 + fiV 2 , we get ftlog( 4 > 2 ) G h^Z + C (C/^)®^ + 

Let n > 3. Assume that we have constructed Fi,... ,F„_i and let us construct F„. By 
assumption, 4)„_i G I®^ + hUf^ is such that g^n-i '.= Slog(4)„_i) G (C/q)®^ + . 

Lemma A.2. The quotient {If + hfU)/{U' + hf'^^U) identifies with C/(g)/C/(g)<„. In the 
same way, the quotient {U'^^ + K^Lff^)/{U'^^ identifies with C^(g)®^/(17(g)o ^)<n 

and the quotient of Q-invariant subspaces {U'f^^ + bfUf^Y/{U'f^^ + identifies with 

(C/(g)r)®/(C/(g)r)|„. 


The inverse of the hrst isomorphism takes the class of /3 G C/(g) to the class of K^f) G 
U' + h^U. Letd G (C/(g)f )0/([/(g)®3)<„+i)0 be the image of the class of ipn-i under the above 
isomorphism. Let a G {U{q)q^Y be a representative of d. Then we have Pn-i = p + 
where ip G (I/q)®^ + . Now Pn-i satisfies the pentagon equation, so we get 


{-p - ;i"+ia)i’"’34 {p + ;i"+V) 1’23.4 + r+ia)i’"’3 (6) 

-kn {-p - = 0, 
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where a & is the CBH product for the Lie bracket [a, 6 ]r = [a, b]/h. 

Lemma A. 3. Assume that n > 2. ///i ,/2 G (Uq)"^ + andg,h G K^Uo, then {fi+g)*h 

{f 2 + h) = g + h modulo (C/q)^ + 

Proof of Lemma. The contribution of the degree 1 part of the CBH series is /i + g + /2 + ^, 
which gives g + h modulo {U^Y + 

We now prove that [(Cq)^ + hAU^Y^oi^ + C (Cq)^ + hA^^U^. Indeed, we have 

[UM]n C Ui hence C [h^Uo.h'^Uo]n C c fP+^U^- and 

[U^,rAUo\n C hL^Uo since C hUo, so that [(C/')^, C ?i”(C/oC/^ + C/^C/q) C rA+\UoY 

again because U'q C hUo. 

It follows that the contributions of all the higher degree parts of the CBH series belong to 
{UqY + h'^'^^Uo- This implies the lemma. □ 

End of proof of Proposition A.l. Lemma A.3 implies that the image of (6) in + 

;i"+iC/®4)/(c/'®4 ^ u/ {U <n+2 gives d{a) = 0, where 

d : C/(fl)®V(C/(0)®')<n+2 - U{QrV{U{QrY<n+2 

is the map induced by the co-Hochschild differential. 

According to [Dr3], the cohomology of the complex ^ ^ vanishes, where = 

(C/(fl)o®'=)V(C/(fl)f'^)L+2- 

It follows that there exists (3 G such that a = d{(3). Let (3 G (^(g)®^)® be a representative 
of (3. Set Fn := exp(Ii”/3) and $„ = 

We get 

An = fY^ *h Au-1 i-fY’^) *h {-fYY, 

where /„ = EA^^(3. According to Lemma A.3, the class of in + 

^n +2 jg ^ hence ipn G proves the induction step. □ 
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